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Summary

Algebraic expressions in terms of elementary mathematical
functions are derived for power absorption and dissipation by
eddy currents and magnetic hysteresis in ferrite spheres. Skin
depth is determined by using a variable inner radius in
descriptive integral equations.

Numerical results are presented for sphere diameters less
than one wavelength. A generalized power absorption param-
eter for both eddy currents and hysteresis is expressed in terms
of the independent parameters involving wave frequency,
sphere radius, resistivity, and complex permeability.

In general, the hysteresis phenomenon has a greater sensi-
tivity to these independent parameters than do eddy currents
over the ranges of independent parameters studied herein.

Introduction

Damping of electromagnetic waves by iron oxides differs
distinctly from that by iron (refs. 1 and 2). At low wave
frequencies large persistent eddy currents can be induced in
iron because of its high electrical conductivity, a process that
converts ficld energy into heat as ohmic losses. At high wave
frequencies, however, the oscillating currents cannot
effectively penetrate the surface of iron.

Ferromagnetic and ferrimagnetic oxides (ref. 3, pp. 24
and 25), on the other hand, with their low conductivity and
large skin depth (ref. 4) can be effective in absorbing field
energy by eddy currents even at high wave frequencies. Their
low weight densities, approximately 60 percent that of iron
(ref. 2), make them attractive for flight applications.

Associated with a harmonic wave motion is a relatively large
hysteresis effect due to frictional resistance in the crystalline
structure (Weiss domains) and to radiation from electron spin
reorientation (ref. 5, p. 16), again resulting in dissipation of
the applied field energy. These damping mechanisms cause
a phase shift between the applied magnetic field B, and the
resulting magnetization M, which enters the analysis by use
of a complex susceptibility, x = x’ — jx” (ref. 5, p. 100).
Dissipation of field energy in the study reported herein
was treated with a complex isotropic permeability
p=p' —jp” =1+x’ —jx" in the ferrite spheres.

Large ratios of wavelength X to sphere radius a are of main
interest. Scattering is then of the Rayleigh type, which is
proportional to sphere diameter divided by wavelength to the

fourth power (ref. 6, p. 457). Therefore diffraction can be
neglected.

Analysis

Power absorbed per sphere due to internal eddy currents
P.. plus that due to hysteresis Py, is

1 - 1 { oB
Pec+Phy=—§ TiOidV+—3 He—dV (1
2 v 2 v dar

The linear nature of Maxwell’s equations permits P, and Py
to be treated as separate individual events. Symbols are defined
in appendix D.

The objective now is to evaluate these two integrals in terms
of elementary algebraic functions and the basic parameters of
the applied wave along with the material properties of the
ferrites.

Wave-Particle Interaction

Consider an applied transverse electromagnetic wave with
a propagation vector « and mutually orthogonal electric and
magnetic field vectors E, and B, (fig. 1) having a harmonic
time dependence /. The magnetic vector potential relation
v X A = B used with the applied wave motion of figure 1
gives

A,=¢B,rsiné 03

The large Na values of interest herein permit neglect of
Maxwell’s displacement current inside the spheres (ref. 7,
p. 368). Then with use of an internal magnetic potential A;
and the laws of Faraday, Ohm, and Ampere,

V2A; = jour A,

With the assumption that A, is independent of azimuthal angle
¢ (as on p. 374 of ref. 7), this equation reduces to

18 [ ,0A (1—cos’6)" az[(l—cosze)"zA,]
S—\r—+
r or r r?

9 cos’0

= jour A, €)



APPLIED
WAVE FIELD—

By

INDUCED FIELD
IN SPHERE

Figure 1.—Transverse wave interacting with a sphere. Wavelength A much
greater than sphere radius a.

Solving equation (3) by separation of variables gives

A=9¢p % BACr-"213,2(}\%) sin 6 (4)
where
p="" ®)
and
o =p —ju" (6)

By convention, a negative sign is used before j in the definition
of complex permeability 4. The imaginary part ¢ " must then
be a positive number for a loss of wave energy.

The contribution of the applied wave plus the vanishing

influence of the sphere on the extemal vector potential with

radial distance is

A,=¢~-B,(r+Dr %) sing %)

[ R

Here conductivity is assumed to be negligible, and permeability
outside the sphere u, is considered to be real.

The constants C and D of equations (4) and (7) are next to
be determined. Solutions must be matched at the surface r = a
so that (ref. 7, p. 376). :

A,(a) = A;(a) ' (8)

To satlsfy conservation of magnetic flux across this boundary,
B « n must equal zero and thus by Stokes’ theorem

i : :
LOUA) _ auA) o
ar or

This equation lmphes that there is no surface current and that
the current enters the sphere as a continuous distribution, which
is the true case for microscopic detail.

Substituting equations (4) and (7) into both equations (8)
and (9) gives, in terms of Bessel functions,

a*+ D = a*’C [1_,/2 (aVjp)

| ,
e I, (aﬁ?)} (10)

and
a* = D) p = — pa*’C [l-ma\/ﬁ)
. 1N, r
— (a‘\/ﬁ + W) 11/2 (d\/_]—p-)]
(11)

Equations (10) and (11) can be combined to solve for C and
D as

572, [
c= 3ua*Njp (12)
(w=odaip I_yp(aVip) + o (1 +jpa®) = | 1 a(aVjp)
and
aip Qu+n) I-120aVip) = o (1+pa®) +24) L (ap)
D=ad’ (13)

i (n=po) T12(aVip) + | o (1+pa®) = ] 1 p(aVip)

il



Thus the equations to determine the potentials A, and A, keep
the same form as in reference 7, to which they reduce as p”
goes to zero.

Eddy Currents

By using Ohm’s law in Faraday’s equation
. dB :
VXE=71V X1=—3—= — juV X A
t

a solution of which, for current i inside a sphere, is

. —jwA,

T

The power absorbed per unit volume of the sphere by eddy
currents is

P _1 407 (15)
av 2
where
dV = r* sin 0 d6 dr dy (16)

Substituting equations (4) and (14) into equation (15) and
integrating the result over 6 from O to = gives the power
absorbed per sphere as

Ly(rjp) Ly(rW —=jp) rdr (17)

ec
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3r d

if the radial distance to the lower limit of integration d is set
equal to zero. Varying d allows the amount of power
absorption versus wave penetration distance into the sphere
to be determined for a study of ‘‘skin depth.”

The integration is performed in appendix A and the constant
CC is determined in appendix B. This results in

w?B3CC [
Pec =TT e (Sa - Sd) gm\/;) + (sa - Sd) CRC\/J.;
3V|p| Re p

_(C,,—Ca_Cd—cd>(Rep] (18)
a d pl

where r equals 2 and d in

S, = sinh (2r ®ReVjp) (19)
s, = sin (2r 9mVjp) (20)
C, = cosh 2r Revjp) @

and
¢, = cos(2r ImVjp) (22)

in the upper and lower limits of integration, respectively, and

c¢ = 9x || Was/<ug I |e2(Co + )

+ |02+ a%d (@] -2 9mp)] (Co— o) — 20
x {Ué ¥ [(sam) B2 - (5,5 sm\/ﬂ}
+2a%, [(Su — 52) Qe (Uﬁ\/§>

F (S, +50) 9m (Up\/@]) @3

where U =p — p, and Ué = pg — 2p, Re p + p2. These
equations reduce to those of reference 7 as distance d and
permeability u” go to zero.

Hysteresis Loss

Energy of the applied electromagnetic wave is also dissipated
in the continual attempt of the applied oscillating wave motion
to alter the Weiss crystalline structure and the electron spin
orientations inside the ferrite spheres. This is illustrated by
the lag in B to the changes of H in a hysteresis loop.

The energy change per unit time Py, per unit volume in a
hysteresis loop is

LI
a2
for a harmonic time dependence. For an isotropic permeability
B=gH= (u’ + jp") H Thus the wave power loss per unit
volume due to hysteresis is

dPy, 1 _
= - w " H °
32 uw” (HeH)

1
-——w IIHZ
5 "

=i (BF+ Bal*) %)

which is consistent with that on page 100 of reference 5. By
using equation (4)
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Substituting equations (16) and (25) into equation (24) and
integrating over de gives

T [ * cos?@+ Y% sin2 i
Py = I B,,CC {j j ——————— L, (~jp)
0

eP J r

X Iip (™ ~jp) sin 6 d6 dr

1 ta T
+Z b { rh 2 (W) I, (W =jp) sin®6 db dr

d Yo

o

—H [ NP La(Nip) Bp(N=ip) + N

d J0
X 1o (N —jp) 13/2("‘/1';)} sin’@ dr} (26)
Using
j (cos’0 + % sin®@) sin 0 df = 1
0
and

i 1
S sin’9 df = —
3

N,

in equation (26) gives

_ qu”
e

P, B2CcC

*a

1
X { NS Ly (Wip) Iy (W =jp) Nijp dr
Ja Jp

N —=jp Iy (Wip) Ly (W =jp) Np dr

d

[y

g |NIp o (Np) B (N =) +N =

cos § Iy, (~jp)

2500 [0 (Wp) = W) 1 (i) 25)
0
X La(N=Jp) B (njp)] dr} en

The integrations over r are shown in appendix C. The resulting
expression (C18) can be written as

wu” =
P, =2£_Bice

(a2+62 B 1) C +c
lul? 6 bplr

+1 ozS,+Bs,_ C,—c,+§_s_,
3 W ~bin®  « 8

<§ + = - —) o Shi(2r Revjp)
( % ) B Si2r Imjp) (28)
r=d
where use was made of definitions (19) to (22) and
ReVijp
_ 28p 29)
ip|
2 ImVjp
S a0

The hyperbolic sine and sine integrals can be expressed as

X3 X3 X’
Shi(X) = X + + + 31
&) 3x3! 5x5! Ix7! D

and

X’ X’ X’
Si(X) = X — + - 32
@ 3x3! 5x5! Ix7! (32)

(ref. 8, eqs. 672.11 and 431.11).

Generalized Parameters

The dimensionless power parameter TP/ (w’a’B3) for both
eddy currents and hysteresis can be written in terms of two



independent dimensionless parameters: a normalized
permeability

p =i
Ko

Hn =
and a combination of the remaining physical variables
Q, = a’p,, where p, = wp,/T.

For eddy currents with the lower limit of integration d of
equation (A10) set equal to zero

P. 3 @
P38 g g8 4 s, Rl
w’a’B; D Re A

Re @
- (Ca - Ca) (33)
@] ]

- where @ = @, u,,. The arguments of the functions S, o Cas
and c, defined in equations (19) to (22) can be expressed in
terms of the real and imaginary parts of 2v/j@. The constant
D is defined as
D = U @] (Ca + ¢

+ Ul +2 9m(@E) + (@ =2 In a|

X (Ca - Ca) - \/E

x (U, [ (S + 52) Ref@ — (8, = 50) InG|

— (S,—5.) Re(U, &VQR)

— (S, + 52) Im(U, O] (34)

where U, = p,—1 and Uz, = lual? + (1-2 ®Re p,). The
corresponding hysteresis equation is

Py _ 9mp” ua N @ o? + B° 1 C,+c,
w?a’B? D 6

+l aSa_BSu_Ca—Ca Sa S__a
3 Q] e a« 8

W

2 2
+ <‘—‘ + %— —9‘2— a Shi2 R~@)

4 o B .
(I E 2 ) ssie dmv@ 35
<3+6 2)6 i( } (353)

Results and Discussion

For physical clarity it is advantageous to first relate results
directly to the basic independent variables 7, w, u, and r as
well as to a in figures 2 to 4. The ranges of generalized
parameters @, and a/\ are indicated in the legends of these
figures. The plotting variables in figures 5 and 6 are
dimensionless power absorption parameters that are functions
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(a) Power absorbed by eddy currents.
(b) Power absorbed by hysteresis. Curves are shown at increments of powers
of the square root of 10.

Figure 2.—Effect of varying resistivity 7 with wave frequency f = 107 Hz,
radius of sphere @ = 107" m, and normalized permeability u/y,
= 100—j10. Parameters a/A =3.3x 10°¢ and @, = atop, /7
= 8% x 10~%r.
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Figure 4— Effect of varying radius of sphere a from 2x107* o
256X10 m with normalizing radius a, = 107" m; wave frequency
f= 10° Hz; resistivity 7 = 10 @-m; and normalized permeablhty 5‘/““
= 100—;10. Paramgter a/\ ranges from 6.7x10~ *to 8. 6x10"* and
'para_riieier @, from 3.2x10-5 10 0.5.

of real and imaginary parts of permeability for fixed values
of @,

Skin Depth

For good absorption of wave energy the electromagnetic
waves must penetrate the spheres to a sizable depth. The
fraction of total power absorbed by a sphere as a function of
the lower radial integration limit » = d in equations (18) and
(28) is used as an indication of skin depth in figures 2 to 4.

Figure 2 shows the effects of resistivity 7 ranging from a
typical value for iron of 10~7 @-m to values that lie on the
asymptotic curve. This curve was reached as 7 increased
beyond 10™* Q-m for eddy currents and beyond 1 for
hysteresis. Held constant were frequency at 107 Hz,
permeability ratio at 100—;10, and radius at 10™* m. In
general the wave penetration depth was considerably greater
for hysteresis than for eddy currents.

Decreasing frequency f = w/2n gave the same trends in
ﬁgure 3 as increasing 7, as expected from the basic parameter
a’wp,/7. Here 7 held constant at 10 Q-m. The ratio a/\
varied from approximately 1 to less than 10 ~? in the curves
shown for hysteresis. For eddy currents, however, a/A< 1
yielded curves that lie on their asymptote. Curves for a > A
looked reasonable but violated the neglect-of-displacement-
current assumption and therefore are not shown.

The curves of various size spheres in figure 4 are for radii
less than 0.1 wavelength and therefore are well within the
validity of the neglect-of-displacement-current assumption.
Radius was varied by multiples of 2 from 10™* to

256x10~* m. Again 7 and w were held constant at 10 and
27x10%, respectively. The eddy current curves, shown
dashed, are asymptotic at a<3.2x1073; the hysteresis
curves are asymptotic at a<2x [0 ™4,

Power Absorptions P,, and Py

The same parameter, 7/a°w?B3, factors out of both the
hysteresis equation (28) and the eddy current equation (18).
Typical results, shown in figures 5 and 6 for these cases, are,
however, quite different.

The eddy current power parameter was insensitive to @,
over the wide range of 1077 < @, < 1072 as shown in
figures 5(a) and (b) but gradually decreased with i increasing
@, beyond 1072, as shown in figures 5(c) and (d). These
three-dimensional plots are symmetrlc about a diagonal curve
(shown dashed) where u’ = u”. This curve also represents
a local mlmmum of the eddy current power parameter at low
w' and p”

The eddy current power parameter varied over less than 3
decades, but the hysteresis power parameter varied from 12
to 7 decades, depending on @,; as 4’ and u” were varied
over 3 decades in figures S and 6.

i
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Real and imaginary permeability played similar roles in the
eddy current formulation, since they entered P, only through
. Starting from the dashed diagonal line of figure 5 the
parameter 7P,./a’w’B% increased to the same peak values
with increasing u’ or u”. ’

Power absorption by hysteresis, however, was directly
proportional to a multiplier ¢” in addition to its dependence
on p. This offset the symmetry of dependence on u” and u”
present through the parameter p in equations (18) and (28)
and made absorption much more sensitive to hysteresis than
to eddy currents. As a result an upper elevation (shown dashed)
of the three-dimensional plots of 7Py, la’w*B3 formed
close to the diagonal pu”/u, = p’/p, in the range
1077=@,<107". ~ N B

As a practical example consider a resistance 7 of
10* Q-m, a B, of 1 gauss (10 ~* tesla), and a frequency w of
27 % 100 rad/sec. Then the peak power per sphere absorbed
by hysteresis varies from about 0.2 to 14 W as the sphere
radius a varies from 0.1 mm to 1 cm in figures 6(a) to (e).
On the other hand the maximum power per sphere absorbed
by eddy currents varies from about 1.4 X 10™'%t0 1.4 W for
the same 7, By, and range of a in figures 5(a) and (b).

For this same example let u” approach zero in figure 5 while
holding 1’ equal to u,. The power per unit volume by eddy
currents then reduces to 0.2 W/em? for the same 7, B,, and
w values. This power absorption is in close agreement with
results obtained from the sphere equation on page 135 of
reference 5.

Concluding Remarks

Expressions were obtained, in terms of simple algebraic
functions, for power absorption of electromagnetic waves in
ferrite spheres by eddy currents and hysteresis. Skin depth was
especially large for hysteresis and was significant for eddy
currents, indicating good absorption for the small spheres of
special interest herein.

10

Generalized parameters were found that reduced the five
independent variables wave frequency w/2w, sphere radius a,
resistivity 7, and real p’ and imaginary p” permeability
divided by free-space permeability u, to three independent
generalized parameters @, = a’wp,/7, p’/p, and v /u,
and two power loss parameters 7P, ./a’w’B3 and TPhy/asszj
for small spheres. Working curves were presented for
obtaining power losses from input to the independent
parameters.

The eddy current power parameter was insensitive to @,
over wide ranges, 107 '<®,<1072, and gradually
decreased with increasing @, beyond 1072. Real and
imaginary permeability played similar roles in eddy current
formulation, since they entered P, only through complex
p =’ — ju”. Power absorption by hysteresis, however, was
directly proportional to x” in addition to its dependence on
complex u. This offset the symmetry of dependence on u’
and u” and made absorption much more sensitive to hysteresis
than to eddy currents.

From results obtained by using the equations derived, it
appears that ferrite spheres provide a good means of damping
extraneous electromagnetic waves and isolating electronic
circuitry, especially in flight applications where weight is a
consideration. .

The components of the induced magnetic field, B, and By,
diminished rapidly with radial distance as r~? and r~2,
respectively. Except for closely packed spheres, there should
then be little interaction between small spheres suspended in
an insulator. The intentional degradation of an electromagnetic
wave by its penetration into such a medium should then be
closely proportional to the distance of wave travel and the
number density of spheres.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, June 13, 1989
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Appendix A
Evaluation of Integral in Equation (17) for
Power Loss by Eddy Currents

The equation of the modified Bessel function /,,(kr) can be Multiplying equation (A1) by I, (kr) and equation (A2) by

) written as 1,(kr) and forming the integral of the second of these
, equations subtracted from the first gives
1d dl, (kr) ., m
——lr——| =k + =) Lk Al
b rdr [ dr jl ( r? (kr) (Ah
i - o d | dl(k d| dl(k
- and its conjugate as LG L m(kr) —nun L, m (K1) dr
4 dr dr dr dr
1d | dl(kr) —, m? -
-—|r = + — ) L, (kr A2
rdr [ dr :I < r? (kr) (A2) a 3
=jp+p) \ Ikr) L, (kr)rdr
where a

(A3) Using integration by parts on the left side yields

a

- dl(k dl, (k a -
lm(kr)r M( r) _Im(kr)r_—m—(_r)— _](P+P_) S [m(kr)lm(kr)r dr
r d
d d o
“| dl(kr) dl(kr)  dbL,(kr) dl,(kr)
= r —-r rdr=0
d dr dr dr dr
Finally Using m = 3/2 in
a
. - . m
) itp+p) S L (kr) Ly (Rr)r dr 132 = b (@) =~ In2) (A6)
- d
- r[l,,,(lér)kl,; (kr) — I, (k)KL (I?r)} (Ad)  of reference 9 (p. 79, eq. (3)) to eliminate the derivatives in
d equation (AS) yields
- where the prime marks denote differentiation with respect to Tw?B2CC _
the arguments of the Bessel functions. e = —+ r [klm(kr)ll,z(kr)
. Substituting equation (A4) into equation (17) with m = 3/2 3r(p+p) '
gives N ~ a
— kI3,2(kr)I,,2(kr)]
_ w’BiCC ¢

r [t 2 (k)5 k)

ec

Yr(p+p) Then using m = 1/2 in equation (A6) and reference 9 (p. 79,

k 1 | () gi
_k13/2(kr)13'/2(kr)} l (AS) eq. (1)) gives

r=d



_ mw’BiCC
“ 3r(p+p)

X |r (K12 RN (k) = R, G (R |

a

_jp+p)

T 12 (kr) 1y 5 (kr)

which can be written as

2rw?BiCC ¥
S AR

®Re _ a
il h/z(kr)1”z<kr), (A7)
| 4

Utilizing the relations

_ 2 céghié éinhz
1—1/2(2) hp(@) = ————
T Iz |

e2<Raz_e—2(Rez eZJflmz__e—Zjﬂmz

+
zw]zl 27z |

1
=— [sinh(Z Re z) +j sin2 Im z)]
7z |

(A8)

and

_ 2 sinhzsinhZ
hp@)hp(Z) = - ——M——
™ ki

eZ(R;z+e -2R e2]9m:+e—.jgmz

2wz | 2riz|

I
=— [cosh(2 Re z) — cos(2 Im z)]
Tz |

(A9)

in equation (A7) with z = kr = \jp r and 7 = kr gives

I {\/_I]LTI [sinh(zr Revjp)
p R -

(Rep
rlp|”?

_ 20°BiCC
37(p+p)

ec

+j sin@r fIm\/jE)B -

X [cosh(2r ReVjp) — cos(2r ﬂm\/j;)] I

d
1

w’BiCC g
Vipl

- uBce [(@allp + 5 9mip)
37 Re P

x (sinh(2r ®ejp) + j sin(2r 3mjp))]

Q

_Bep |cosh(2r Rexljp)- cos(ar 3w o)

rlp13/2 4
Finally
w?B3CC I
Poe=———"— | (9m\Vjp) sinh(2r ReVjp)
3 1p| Re p b
+ (Rejp) sin@r m/jp) — (R;”I
rip
X [cosh(2r (Re\/j;) — cos(2r :’Jm\/j;)]
d
(A10)

Ford = 0and " = 0 (therefore p = Re p), equation (A10)
reduces to that of reference 7 (p. 378):

w?B:CC |[u
Pec=—3rm— £(S+S)- (C—oc)

where u = ax/277, S =sinh u, s = sin p, C = cosh p,
¢ = cos u, and, by using equation (A3), 9mvjp = ReVjp
=~p/2
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Appendix B
Determination of Constant CC Used in Equations (18) and (28)

The scalar product of constant C in equation (12) times its
complex conjugate can be expressed as

= = 5
CC = 9/"#\@‘1 B1)
AA + BB + AB + AB

where the constants in the denominator are defined by

AT = [ = 20, O +

X pla_,(Njp a)I_,n (N =jp a) (B2)

BB = [u—n, (14 jpa®)| [7 = w1 — jpa?)|

x I, (Njp a), (N—jp a) (B3)

AB = (4 — pa~ip [w,(1-ji) - )
x I_1,(Njp a) Ip(N =jp a)
and
B = (- p,) aN=Gp [p(1+ipa®) =]
x I_p(N —jpa) I (Njp a) (BS)

The product of Bessel functions in equation (B2) can be written
by using reference 9 as

2
I_\p(NVjpa) I_y,(N —jpa) = Vo a cosh(Vjp a)

Vpl
X cosh(v —jp a)
=____l_ Vipa —Jjpa
27T\/TP_IG (e + e )

x (eV a4 o=V

and therefore

I_,,(Njp @) I_,,(N=jp a)

1
wpla

X [cosh(2 ReVjp a) + cos(2 Im\jp a)]
(B6)

Since

I_1,WNjpa) Ly (V—Jjp a)

= I_1p(N=jp a) LnWjp @)
it follows from equation (A8) that

I_,,Wjp a) I, (N—jp a)

|
" x|

x [sinh(za ®Re Vjp) —Jj sin(2a Im vfp)]

(B7)

Using equations (A9) and (B7) in equations (B3) and (B4),
respectively, along with equations (B6) and (A8) in equations
(B2) and (B5) reduces the Bessel function expressions in
equations (B2) to (B5) to simple hyperbolic and trigonometric
functions defined in equations (19) to (23). This results in the
expressions

Ca —Cy

T

A4 = aVp| U} (B8)

(B9)

n Cu_ a
BB =|U2+ 2 (a*p? - 24 ﬂmp)] . d

avp]

and



AB + 4B = WM[UZ[‘“”‘R\/_ (5, =0 9 N7

Substituting equations (B8) to (B10) into equation (B1) gives
equation (23).

+ a%y, [(S —54) Re (Up\/r>+(5 +s)9'”(UP\[)H

(B10)
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Appendix C
Evaluation of Integrals in Equation (27)
for Power Loss by Hysteresis

Equation (27) can be written as

h" |2Phy

i
_ Ty g 42 (9, -9y -9 cl
ron” B3CC 1 3(2 3= 94) (CH

Here
1 -
9, = gz 53(2) Bp(2) dz
and by using reference 10 (p. 443)

9, =;2—r j‘z—lz_ (cosh z —i sinh ) (COSh z —% sinh E) dz

In like manner

2 \_ _ 2 z . -
9, == \z1, 5(2)],2(Z) dz == | — sinh z sinh 7 dz
T T ] [z}

93 = 511/2(2) L,(Z) dz
211 1
= —g—— sinh z(cosh z — — sinh Z) dz
Tl F

and

9y =9;=

ERES

[ 1 1
— sinh Z <cosh z — - sinh z> dz
lz| z

where
z=r\jp and 7 =nr/—jp (C2)
Next, replace the hyperbolic functions by their exponential

forms, rearrange, and reduce as in the following example for
g,

9, =2i g[e‘ +e”? _! (e* — e"z)]

™ Z
z A -1 d
X [ez +e t——= (8 — e"’)] e

z zjz|

[0+ (142) ] £
z z zjz|

+ Z__Z pYIm _ UM dz
z zlz|

741 7—1
[a+ & cos(2 Im 2)

cosh(2 Re 2) +

[}
=]

[ 4

sinh(2 Re 2)

2 I d
A2 Gn2 9m o) | — (C3)
zZ zlz]



In like manner

g4, = 1 S{cosh(Z Re 2) — cos(2 Im z)} z dz (C4)
z

g3=

1 S sinh2 Re 2) —j sin2 Im z)
L k]
cosh(2 Re 2) —cos(2 Im 2)
- Zle|

(&)

Since 9, is the complex conjugate of 95, it follows that
33 + 34 =2 #He 53 (C6)

Using equations (C2) and (C5) in equation (C6) gives

2
- i i
%+ 9= o H(Re\ /ip sinh2 ®e 2)
Re 2V
— ﬂm\/j}; sin(2 Im z) — #
Z

x [cosh(z Re 2) — o2 Im z)H irf €7

Substituting equations (C3) to (C7) into equation (C1) and
collecting terms of like integrals gives

2 3 2
Jigéza_1+£5
wp” B} CC

3 | cosy 1 I
dy+— | cosh x dx — —
BS A S 36
inh
chosydy—a3SS]n3xdx B3
sin yw ~ a [ sinhx
x —-3——(1""— d
3 X
_Egsmy@) (C8)
3 y

16

where

x=2 Rez

¥y = 2 gm Z .
(C9)
2 ReVjp
Vil

=2sm\/j;
Vil

B

The following expressions enable the integration of equation
(C8). They were obtained by integrating by parts along with
using expressions from pages 89, 96, 148, and 149 of
reference 8.

—— dx=— + Shi x (C10)

cosh x coshx sinhx coshx 1
4 de=— 3 2
X 3x 6x 6x

+gShix (Cl11)

h .
Scosz ydy: _cosy Ssmydy C12)
¥ y y

cos y cosy siny cosy 1 _.
dy=— + + +-Si C13
S ¥ ly % T 6 T y (Cl3)

inh inh h 1
Ssm xdx=_sm x cos x+EShix Cl4)

+-Siy (C15)

sin y siny cosy 1
—5 dy = — —
y 2y 2y 2

where
4 h 3 5 7
Shix= \ T =y 4 X 4 X L e
x 3x3! 5x5! Tx7!
and
3 3 5 7
: siny y y y
Siy= | dy=y-—2_+ 2 _ Y 17
Y § y P77 T3x3 Tsxst 7x7 (€17
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These expressions then enable the integration of equation (C8)
to the following form:

Iu? quhy _ a_3 af3? . cosh x + _B: N @_2 iy cos y 4 gj sinl; x 6_3_ sinzy _oz_3 cos}; X + 6_3 cos3 y
wp"B; CT 6 6 x 6 6 y 3 x 3y 3 0x 3y
1 1 4 2 3 4 2 3 12,¥)
+— sinhx — —siny — —a+6—a—g— Shi x — —6+a6—6— Siy
3 38 3 6 2 3 6 2 o

where x, and y, are the real and imaginary parts of z (see eq.
(C9)) at the outer radius a and x, and y, are at an arbitrary
inner radius of interest.

(C18)

17
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*All terms are in international units unless stated otherwise.

@opn

a’p,

magnetic vector potential
radius of sphere

magnetic flux density
magnetic field vector
constant defined by eq. (12)
constant defined by eq. (21)
constant defined by eq. (22)
constant defined by eq. (13)
constant defined by eq. (34)

radial distance to lower limit of intergation inside

sphere

electric field vector

wave frequency, w/2w

magnetic inductance

integral in appendix C

imaginary part of a complex quantity

modified spherical Bessel function where m is an

odd integer plus 1/2

current

V-1

Vip

magnetization

normal to boundary

power

parameter wu/7

parameter wpu,/7

real part of a complex quantity
radial distance from center of sphere
defined by eq. (19)

defined by eq. (20)

time
i
1

Appendix D

Symbols*

2

Uy
:

Ugn

T XA D WA N X b

=
S X

€ X § =

> = 28, Re p +

el + (1-2 Re 1)

volume

‘dummy variable in eqgs. (31) and (32)
2Rez

2 9m z

~ip

defined by eq. (29)

defined by eq. (30)

polar angle

wave propagation vector

wavelength

permeability inside sphere, p” — ju”
normalized permeability, pu/u,

permeability outside sphere (vacuum), 47 x 1077

henry/meter
resistivity
azimuthal angle
susceptibility
angular velocity

Subscripts:

A
a
d
€C
hy

applied wave

at a radius equal to a
at a radius equal to d
eddy current

hysteresis

inside sphere; internal
outside sphere

radial direction
direction of polar angle

Superscripts:

!

”

real part of complex quantity
imaginary part of complex quantity
complex conjugate

unit vector
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